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E-mail address: valery@gulyayev.com.ua (V.I. GulyThe problem about identiﬁcation of resistance forces acting on a drill column moving in an inclined bore-
hole is stated. It is supposed that the well trajectories can have geometrical imperfections in the shape of
cylindrical spiral or plane cosinusoidal curves. The system of ordinary differential equations is derived on
the basis of the theory of curvilinear ﬂexible elastic rods. It permits one to describe static effects of the
drill column bending accompanying the processes of its raising, lowering and rotating inside the bore-
hole. Through the use of this system the direct and inverse problems of the drill column deforming are
formulated for calculation of internal and external resistance forces acting on the drill column tube.
The methods for numerical solution of the constructed equations are elaborated. With their use the phe-
nomena of the drill columns motion and their frictional seizure inside the bore-holes are simulated for
different geometrical imperfections and relations between the velocities and directions of their rotation
and axial motion.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
In the last century the time of easy oil and natural gas termi-
nated (Chow et al., 2003; Kerr, 2005). Inasmuch as the reserves
of hydrocarbon fuels in easy-to-extract basins approach to deple-
tion the deposits located at the depths of 10 km become to be
promising. Now the old bore-hole drilling using vertical wells is
being redeveloped by horizontal and inclined wells (McDermott
et al., 2005). But the experience gained while drilling vertical wells
is not useful for drilling horizontal ones, because mechanical
behavior of a drill column (DC) with curvilinear axial line acquires
a series of speciﬁcities leading to critical situations. So the failure
rate at the curvilinear bore-hole driving achieves 1 in 3 holes
(Mohiuddin et al., 2007). Taking into consideration that lengths
of the modern curvilinear bore-holes are planned to approach
15 km and their costs exceed $60 million, it can be concluded that
the problem of computer simulation of the drill column behavior is
very urgent. At the same time the efforts to solve it present consid-
erable difﬁculties determined by a number of factors (Iyoho et al.,
2005). Among them the large length of the DC is the main one. As
the present day drill columns can be compared by conditions of
geometrical similarity with a human hair, usually the computer
simulations of internal and external forces acting on them are per-
formed with the use of simpliﬁed mathematical models based on
the theory of absolutely ﬂexible threads (Bernt and Anderson,ll rights reserved.
9.
ayev).2001; Sheppard et al., 1987). Analysis of these forces is performed
only on the basis of investigations of geometrical peculiarities of
the bore-hole axis line without considering the contribution of
elastic forces generated during raising-lowering operations and
the DC rotation. As this takes place, the designs of bore-holes with
simple outlines of catenary, brachistochrone, clothoid and the
Cornu spiral are performed (Bernt and Anderson, 2001; Sheppard
et al., 1987; Choe et al., 2005; Sawaryn and Thorogood, 2005). In
papers (Stuart et al., 2003; Prassl et al., 2005; Brett et al., 1989)
more general approach is used which is based on the consideration
that the well axis outline represents a smooth shape combined
from segments of straight lines and circular or catinary curves. It
is referred to as a minimum curvature method. With its use explicit
analytical equations are derived to model drill column (thread)
tension and friction forces for hoisting or lowering operations. In
addition, explicit expressions for drag and torque are developed
for combined axial motion and rotation of the drill column. Using
these equalities, the total drag and torque are derived from the
sum of their separate contributions from each section of the hole.
Different algorithms and software programs are presented. Several
examples demonstrate the use of the analytical models. It is shown
that any change of direction in the well path contributes to in-
creased friction.
The formulated conclusion underlines weakness of the used ap-
proach which is based on assumption of well trajectory smooth-
ness and possibility to neglect bending stiffness of the drill
column tube. In actual practice, the axial trajectories of bore-holes
do not represent lines with smooth geometry because geometrical
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be caused by distortions of the bit geometry, dynamic imbalance
of the bottom-hole-assembly and physical non-homogeneities of
the rock medium drilled. Usually they have the modes of local spir-
al and cosinusoidal curvings imposed on the designed trajectory of
the bore-hole. Depending on their amplitudes and steps, they can
lead to essential local bending of the DC and emergence of addi-
tional contact and friction forces which can be detected and de-
scribed only with the use of the elastic curvilinear rod theory.
The second important reason for application of this theory is the
possibility of the friction force regulation via the simultaneous ax-
ial motion and rotation of the DC during its lowering and raising
(Stuart et al., 2003; Prassl et al., 2005; Brett et al., 1989). These pro-
cedures are more precisely simulated only on the basis of elastic
rod models. But their application is associated with the necessity
to use non-linear high order differential equations and, as shown
below, to formulate inverse problem for part of the required vari-
ables. We were not able to ﬁnd discussions of similar questions in
scientiﬁc literature. Analogous problems are considered in papers
(Mitchell, 2004, 2006, 2008a,b), where post-critical states followed
by spiral bending of immovable DCs inside cylindrical cavities are
investigated.
At oil and gas extraction from hyper-deep levels, the efﬁciency
enhancement of bore-holes drilling is associated with solution of
the problems on revealing the critical regimes of the drill column
functioning and elaboration of measures for their prevention. This
paper considers the model problem of quasi-static equilibrium and
deforming of elongated (down to 10 km) drill columns in inclined
bore-holes studied with allowance made for effects of non-uniform
gravity and friction forces and action of a torque. The investiga-
tions are based on the statement of direct problems for one part
of the variables and inverse problems for the others. Special atten-
tion is paid to the question of analysis of friction force inﬂuence on
mechanical behaviour of the drill columns during their raising,
lowering and rotating in inclined bore-holes with spiral and cosi-
nusoidal geometrical imperfections. As this takes place, the ques-
tions of estimation of internal and external forces and moments
acting on the DC are of chief interest.
Simulation of the resistance forces and quasi-static phenomena
attending the bore-hole drilling allows one to solve the fundamen-
tal problems like provision of the required geometry for the bore-
hole axis, decrease of the contact and friction interaction forces be-
tween the DC and bore-hole wall and avoiding the drill column
tube seizure inside the bore-hole. Owing to these effects, the DC
tube wearing is reduced, undesirable curving the axial line of the
bore-hole is excluded and, as a consequence, the heavy emergen-
cies are prevented during the drilling processes.z
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Fig. 1. Geometrical scheme of a drill column in an inclined bore-hole.2. Statement of direct and inverse problems about elastic drill
column dragging in an inclined bore-hole
To set up the problem about calculation of the external and
internal quasistatic forces acting on a curvilinear drill column at
different stages of its functioning, take into account that usually
the curvature radii of the bore-hole axes exceed hundreds of
metres, the DC lengths equal several kilometres, but the clearances
between the DC and bore-hole surfaces generally are 0.1–0.15 m.
This permits one to assume that the bore-hole trajectory is pre-
scribed and in the state of the DC operation its elastic line acquires
the shape of the bore-hole axis line. Then the functions of the inter-
nal moments and shear forces acting in the DC are calculated via
simple formulas and can be considered to be known. In this case
the direct problem of the theory of quasi-statics of curvilinear ﬂex-
ible rods can be stated for determination of internal longitudinal
force and torque, while the external forces of contact and frictioninteraction between the DC and bore-hole wall can be calculated
through the statement of an inverse problem. With this approach
the behavior of the DC in curvilinear bore-hole can be described,
the zones of possible seizure of the DC can be detected and the
measures for the DC jarring and release can be designed. In this
case it is conveniently to use the theory of curvilinear ﬂexible rods
to describe the stress–strain state of the DC. The foundations of this
theory are presented in (Gulyayev et al., 1992).
To describe the mechanics of the DC, it is suitable to use jointly
external and internal geometries, applying the ﬁrst one to individ-
ualize the points of the curvilinear tubular rod axis and the second
one to describe its geometry in the deformed state.
The internal geometry of the rod is speciﬁed by the co-ordinate
s, measured as the length of the axial line from the initial to the
current point, and a moving right-handed co-ordinate system
(u,v,w), whose orientation is rigidly connected with the examined
cross-section at every point of the tube axial line. The origin of this
system lies at the center of gravity of the cross-section area, the u-
and v- axis are directed along the principal central axes of inertia of
the cross-section area, and the w - axis is directed along the tan-
gent to the elastic line. In this case the co-ordinate s is a concom-
itant one. The external geometry of the rod determines the location
of each of its points and the entire elastic line in the ﬁxed inertial
co-ordinate system Oxyz.
The Frenet natural trihedron of the elastic line of the rod with
unit vectors of the principal normal n, binormal b and tangent s
is also introduced.
If the axial line of the rod (Fig. 1) is preset by the equalities
x ¼ xðsÞ; y ¼ yðsÞ; z ¼ zðsÞ; ð1Þ
its geometrical characteristics can be determined via the formulae
1
R
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx00Þ2 þ ðy00Þ2 þ ðz00Þ2;
q
1
T
¼ R2
x0 y0 z0
x00 y00 z00
x000 y000 z000


p ¼ 1
R
sinv; q ¼ 1
R
cosv; r ¼ 1
T
þ dv
ds
: ð2Þ
Here v is the angle between the n unit vector and the u-axis; R is
the curvature radius; T is the torsion radius; p, q, r are the curva-
tures and torsion of the bore-hole axis line; the superindex prime
denotes differentiation with respect to s.
Assume that the spatial outline of the axial line of the made hole
is known and it is deﬁned by the radius-vector q = q(s) or scalar Eq.
(1). Then it is possible to calculate the functions R(s), T(s) with the
use of formulas (2) and to determine the vectors
s ¼ dq=ds; n ¼ Rd2q=ds2; b ¼ s n: ð3Þ
It is also useful to remember, that Eq. (3) are not independent, inas-
much as they have six ﬁrst integrals
jsj ¼ 1; jnj ¼ 1; s  n ¼ 0; s n ¼ b ð4Þ
issuing from the condition of the Frenet basis orthonormality.
At statement of the problem about static deforming the DC tube
inside the bore-hole channel, it is assumed that the tube cross-sec-
tion dimensions are very small in comparison with its length and
curvature radius of its axial line. Because of this under action of
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cantly from its initial one. This allows to consider that the tube
material strains are elastic and to neglect elongations of the tube
axis line. As a result the longitudinal force in the tube is deter-
mined from an equilibrium equation, thereupon (if necessary)
appropriate axial strains can be found and axial elongation be
calculated.
The equations of bending an elastic tubular rod with distributed
forces f and moments m are written in the form of the system of
equilibrium equations (Gulyayev et al., 1992)
dF=ds ¼ f ; dM=ds ¼ s F m; ð5Þ
equations of elasticity
Mu ¼ Ap; Mv ¼ Bq; Mw ¼ Cr;
A ¼ EIu; B ¼ EIv ; C ¼ GIw
ð6Þ
and equations of kinematics
ds=ds ¼ n=R; dn=ds ¼ s=Rþ b=T;
db=ds ¼ n=T; dq=ds ¼ s; ð7Þ
where F,M are the vectors of the internal forces and moments with
components Fu, Fv, Fw and Mu, Mv, Mw, respectively; A, B, C are the
parameters of the ﬂexural and torsional stiffnesses; E is the elastic-
ity module of the material; G is the shear module; Iu, Iv are the iner-
tia moments of the rod cross-section; Iw is the polar inertia
moment. In our case A = B for the cross-section of the DC tube.
In use of Eq. (5) it is necessary to take into account that they are
written out in the (u,v,w) coordinate system, which changes from a
point to point, so the total derivatives dF/ds and dM/ds should be
calculated through the use of the equalities
dF=ds ¼ ~dF=dsþxv  F; dM=ds ¼ ~dM=dsþxv M;
which stem from the Euler equalities known in classical mechanics.
Here deF=ds and dfM=ds are the local derivatives; xv is the Darboux
vector which equals
xv ¼ b=Rþ ð1=T þ dv=dsÞs: ð8Þ
So the vectors F, M, deF=ds;dfM=ds and xv have the components Fu,
Fv, Fw, Mu, Mv,Mw, dFu/ds, dFv/ds, dFw/ds, dMu/ds, dMv/ds, dMw/ds and
p, q, r, correspondingly. Then Eq. (5) can be represented in the scalar
form
dFu=ds ¼ qFw þ rFv  fu;
dFv=ds ¼ rFu þ pFw  fv ;
dFw=ds ¼ pFv þ qFu  fw
ð9Þ
for the force equilibrium and in the same form
dp=ds ¼ ðBrq Cqr þ Fv muÞ=A;
dq=ds ¼ ðCpr  Arp Fu mvÞ=B;
dr=ds ¼ ðAqp BpqmwÞ=C
ð10Þ
for the moments equilibrium.
Eq. (7) are also brought to the scalar form
dsx=ds ¼ nx=R; dsy=ds ¼ ny=R; dsz=ds ¼ nz=R;
dnx=ds ¼ sx=Rþ bx=T; dny=ds ¼ sy=Rþ by=T;
dnz=ds ¼ sz=Rþ bz=T; dbx=ds ¼ nx=T;
dby=ds ¼ ny=T; dbz=ds ¼ nz=T;
dx=ds ¼ sx; dy=ds ¼ sy; dz=ds ¼ sz:
ð11Þ
The system of constitutive Eqs. (9)–(11) describes nonlinear bend-
ing of a rod under action of external distributed forces fu, fv, fw
and moments mu, mv, mw. Its total order is eighteen, though it is in-
tended for determination of twelve required variables (three inter-
nal forces Fu, Fv, Fw; three internal moments Mu, Mv, Mw; threecoordinates x, y, z and three kinematic functions, which are usually
selected according to the investigater’s taste). Therefore, the set of
equations and unknowns form a redundant set.
Six ﬁrst integrals (4) permit to reduce the system order to
twelve, but in this case it will gain very cumbersome form. Because
of this, in practice (Gulyayev et al., 1992) usually the total system
of Eqs. (9)–(11) is used and ﬁrst integrals (4) are applied to check
the solution accuracy.
If the external distributed forces fu, fv, fw and moments mu, mv,
mw acting on the elastic rod are prescribed and it is necessary to
determine its internal forces, moments and geometry functions,
the boundary value problem should be stated for system (9)–
(11). In this case Eqs. (9)–(11) are integrated in the limits of the
rod length and this problem is called the direct one. But if the
external forces and moments are not known and some of the geo-
metric parameters of the rod axis are predetermined then kine-
matic differential Eq. (11) are converted to identities and Eqs. (9)
and (10) are used for calculation of external (contact) forces and
moments. In the theory of differential equations and classical
mechanics such problems are called inverse ones.
To formulate the inverse problem for the DC inserted into the
bore-hole, combine the forces fu, fv, fw from the known gravity
forces f gru ; f
gr
v ; f
gr
w , unknown forces f cu ; f
c
v of the tube contact with
the bore-hole wall and friction force f frw (Fig. 1). They can be intro-
duced in the form
fu ¼ f gru þ f cu ; f v ¼ f grv þ f cv ; f w ¼ f grw þ f frw : ð12Þ
The components f gru ; f
gr
v ; f
gr
w are calculated through projecting the
gravity intensity vector fgr = c gk on the axes u, v, w
f gru ¼ cgnz; f grv ¼ cgbz; f grw ¼ cgsz; ð13Þ
where c = ct  cl; ct is the tube mass per unit length; cl is the mud
(washing liquid) mass per the tube unit length; g = 9.81 m/s2 is the
acceleration of gravity.
Upon taking into account correlations (2), (12), Eq. (9) are con-
verted to the form
dFu
ds ¼ 1T þ dvds
 
Fv  1R cosv  Fw  f gru  f cu ;
dFv
ds ¼ 1R sinv  Fw  1T þ dvds
 
Fu  f grv  f cv ;
dFw
ds ¼ 1R cosv  Fu  1R sinv  Fv  f grw  f frw :
9>>=>>; ð14Þ
In the theory of elastic beams, it is usually assumed that mu=0,
mv=0. Then Eq. (10) are transformed to the system
d
ds
sinv
R
 
¼ ACA cosvR 1T þ dvds
 
þ FvA ;
d
ds
cosv
R
  ¼ CAA sinvR 1T þ dvds  FuA
d
ds
1
T þ dvds
 
¼ mfrC :
;
9>>>=>>; ð15Þ
The system of six Eqs. (14), (15) contains eight unknown variables
Fu ; Fv ; Fw; v; f cu ; f cv ; f
fr
w ; mfr . So it should be supplemented by
two equalities determining the distributed friction force f frw and mo-
ment mfr. To calculate them, it is necessary to determine the total
friction force module
jf fr j ¼ jlf cj ¼ l
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f cu
 2 þ f cv 2q ; ð16Þ
then to decompose it to the axial f frw
 
and circumferential f frcir
 
components according to the Coulombic friction law
f frw
  ¼ l ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃf cu 2 þ f cv 2q  _w= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ_w2 þ x  d=2ð Þ2q ; ð17Þ
f frcir
  ¼ l ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃf cu 2 þ f cv 2q  xd=2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ_w2 þ x  d=2ð Þ2q : ð18Þ
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longitudinal motion of the DC inside the bore-hole; x - the angular
velocity of the DC rotation; d - the external diameter of the DC tube.
The friction moment mfr is expressed through the force f
fr
cir
 
jmfrj ¼ f frcir
   d=2 ¼ l ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃf cu 2 þ f cv 2q  xd2=4 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ_w2 þ x  d=2ð Þ2q 
Then two equalities are added to system (14) and (15)
f frw ¼ l
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f cu
 2 þ f cv 2q  _w= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ_w2 þ x  d=2ð Þ2q 	;
mfr ¼ l
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f cu
 2 þ f cv 2q  d2 x=4 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ_w2 þ x  d=2ð Þ2q 	; ð19Þ
where signs ‘‘+” and ‘‘” are chosen according to the directions of
the DC rotation and axial movement at the regimes of its raising
and lowering. In computer simulations it was considered that the
analyzed regimes were steady and as a consequence axial and rota-
tional velocities of the DC elements did not vary along their axial
lines.
Equalities (19) testify that the friction force and moment can be
regulated through the appropriate selection of the ratio
v ¼ _w=ðxd=2Þ between the velocities of axial movement of the
DC and its rotation.
System (14), (15), (19) with appropriate boundary conditions al-
lows one to set direct and inverse problems about calculation of
internal and external forces, acting on the DCwith different regimes
of ratios between the longitudinal motion velocity _w and rotation
velocityx during its lowering or raising. Below it is used for inves-
tigation of the bore-hole geometry imperfection inﬂuence on the
resistance forces impeding the DCmotion. The spiral and cosinusoi-
dal imperfections of the bore-hole axis line are considered.
3. Raising and lowering a drill column in a bore-hole with spiral
imperfections
At design of drilling the directional and horizontal bore-holes,
the condition of minimization of friction forces resisting moving
and rotating a DC is one of the most important requirements. As
it is shown below, these forces depend essentially on the boundary
conditions at the points of the DC suspension and its contact inter-
action with the bore-hole bottom, along with the short wave geo-
metrical imperfections of the DC axis line.
Assume that the bore-hole segment is conventionally rectilinear
and is supposed to have imperfections in the shape of a spiral curve
of diameter 2a and pitch k in the coordinate system Oxyz (Fig. 2).
The spiral reference axis is inclined at the angle b to the horizontal
axis Ox. At computer simulation the angles a, b, diameter 2a and
pitch k = 2pa tga can be varied with the aim to investigate their
values inﬂuence on the DC stress–strain state and the resistance
forces emerging at its raising and lowering.
The equalities of the bore-hole line are chosen as
x¼ s  sina  cosbþ asin cosa
a
 s
 h i
 sinb; y¼ a  cos cosa
a
 s
 
;
z¼s  sina  sinbþ a sin cosa
a
 s
 h i
 cosb: ð20Þ
This line is characterized by constant radii0
z
xβ
a2λ
Fig. 2. The segment of inclined bore-hole with spiral imperfections.R ¼ a
cos2 a
; T ¼ a
sina  cosa : ð21Þ
Then system (15) of moment equilibrium equations can be reduced
to the form
1
R
cosv dv
ds
¼ ðA CÞ
A
cosv
R
1
T
þ dv
ds

 
þ Fv
A
;
 1
R
sinvdv
ds
¼ ðC  AÞ
A
sinv
R
1
T
þ dv
ds

 
 Fu
A
; ð22Þ
d2v
ds2
¼ mfr
C
:
Upon introducing designations h1 = v, h2 = dv/ds and performing
substitutions
p ¼ cos
2 a
a
sinv; q ¼ cos
2 a
a
cosv; r ¼ sina  cosa
a
þ dv
ds
;
the system of Eqs. (10), (13)–(15) is transformed to the constitutive
equations
dh1
ds
¼ h2;
dh2
ds
¼ mfr
C
; ð23Þ
dFw
ds
¼ 1
R
cosh1Fu  1R sin h1Fv  f
fr
w  f grw ;
where
Fu ¼ AR sin h1  h2 þ
ðC  AÞ
R
sinh1
1
T
þ h2

 
;
Fv ¼ AR cos h1  h2 þ
ðA CÞ
R
cosh1
1
T
þ h2

 
;
f cu ¼
sin h1
R
mfr þ CRT cosh1  h2 
ðA CÞ
RT2
cosh1  1R cosh1  Fw  f
gr
u ;
ð24Þ
f cv ¼
1
R
sinh1  Fw þ cosh1R mfr 
C
RT
sin h1  h2 þ ðA CÞ
RT2
sinh1  f grv ;
f frw ¼ l
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f cu
 2 þ f cv 2q  _w= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ_w2 þ x  d=2ð Þ2q 	;
mfr ¼ l
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f cu
 2 þ f cv 2q  d2 x=4 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ_w2 þ ðx  d=2Þ2q 	:
Owing to the statement of inverse problem (24) for some variables
describing equilibrium of a drill column in a curvilinear bore-hole
with the predetermined geometry, it became possible to reduce
the sixth order differential equation system (9), (10) to system
(23) of the third order with prescribed boundary conditions for
the functions h1, h2, Fw at the ends s=0 or s = S. The problem is sim-
pliﬁed, if the end s = S is free during performing the lowering–rais-
ing operations. Then Fw(S) = 0, Mw(S) = 0 and it is necessary to ﬁnd
the force Fw(0) and the moment Mw(0), which make it possible to
lower or to raise the DC. Then the equalities
h1ðSÞ ¼ 0; h2ðSÞ ¼ 0; FwðSÞ ¼ 0; FuðSÞ ¼ FvðSÞ ¼ 0;
f cu ðSÞ ¼ f gru ðSÞ; f cv ðSÞ ¼ f grv ðSÞ;
f frw ðSÞ ¼ l
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f gru ðSÞ½ 2 þ f grv ðSÞ½ 2
q
 _w=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_w2 þ ðxd=2Þ2
q
; ð25Þ
mfrðSÞ ¼ l
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f gru ðSÞ½ 2 þ f grv ðSÞ½ 2
q
xd2 4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_w2 þ ðxd2=2Þ2
q 	
can be used as initial conditions. They permit one to formulate the
Cauchy problem for differential Eq. (23) with equalities (24) and ini-
tial conditions (25).
The stated problem was solved by the Runge–Kutta method.
The integration step was chosen by the trial-and-error method
on condition of the calculation convergence. It equaled Ds = S/
Table 1
The results of calculation of the lowering–raising operations in the spiral bore-hole of the length S = 10,000 m (a = 5 m,k = 100 m,m = 1/75).
Operation b (deg) x (sign) Fw(0) (kN) Mw(0) (Nm) v (rad) jfcjmax (N/m) f frw
 
max
ðN=mÞ
Lowering 0 + 9.284 53,299 679 415.4 1.11
_ 9.070 51,949 468 311.9 1.36
5 + 184.450 361,858 1086 4189.4 11.17
_ 190.460 323,957 99 3599.2 9.60
11.3 + 422.660 776,771 1645 8863.1 23.63
_ 435.300 697,041 417 7590.1 20.21
25 + 918.380 1,641,889 2813 18577.0 49.53
_ 944.840 1,474,941 1495 15881.0 42.34
Raising 0 + 9.633 66,094 694 765.8 2.04
_ 8.515 59,042 458 618.5 1.65
5 + 322.750 510,481 1236 6790.7 18.11
_ 312.830 447,942 31 5645.2 15.05
11.3 + 718.020 1,086,713 1951 14409.1 38.41
_ 697.410 956,700 682 11977.2 31.93
25 + 1541.300 2,288,438 3445 30268.0 80.71
_ 1498.400 2,017,662 2044 25150.0 67.06
Fw (N)
s (m)
0 2000 4000 6000 8000 10000
-4000
0
4000
8000
12000
Fig. 3. Internal longitudinal force Fw versus longitudinal coordinate s (spiral
imperfections).
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tance forces depending on the ratio between the velocities of the
axial movement _w and rotation x.
There is a great variety of determining factors used in drilling
designs. They differ essentially by the bore-hole diameters (up to
40 cm), DC materials (steel,aluminium,titanium,composite), hori-
zontal distances from the rig tower (exceeding 12 km), friction
coefﬁcients (l = 0.2  0.25), angles of the bore-hole axis inclination
(0 6 b 6 90) and others.
In our model problem the typical determining factors were cho-
sen for the investigation: S=10,000 m; g=9.81 m/s2; a=5 m;
k=100 m; d=0.1683 m; A=3.284106Pa m4; C=2.526106 Pa m4;
c = 29.8 kg/m; l = 0.2. The gravity force of the whole DC under
the chosen values of the factors is equal to G = 2927 kN.
So if the DC does not rotate, it is rectilinear and its axis is hor-
izontal (b = 0), then the force resisting to its longitudinal motion
equals Fw(0) = l  G = 585.4 kN. It increases with the increasing of
b and a but can be reduced essentially by matching the longitudi-
nal motion with simultaneous rotation.
In Table 1 the calculation results are listed for the value
v ¼ _w=ðxd=2Þ ¼ 1=75 and different inclination angles b = 0, 5,
bfr = arctgl = 11.3, 25. They represent the values of the longitudi-
nal force Fw, torque Mw and twist angle v at the end s = 0 and the
maximal values of the distributed contact jfcjmax and friction
f frw
 
max
forces found for the operations of the DC lowering and rais-
ing. The results demonstrate, that for b > 0 the initial longitudinal
force Fw(0) essentially depends on the operation type. During low-
ering the friction and gravity forces have opposite directions, so
their resultant force is smaller the same force generated in raising.
The forces Fw(0), fc and f
fr
w appreciably increase with the angle b
enlargement. This effect can be explained by the fact that when
b = 0 and the spiral axis is horizontal, the gravity forces do not pre-
stress the DC and the longitudinal force Fw(s) is small too. In this
instance the contact force equals only the gravity force. But when
the DC is inserted into an inclined bore-hole (b > 0), the gravity
force projection on the DC axis becomes to be essential, the Fw
force increases and it compresses more intensively the DC to the
curvilinear bore-hole wall. So the contact force grows with the b
enlargement which entails growth of the friction force. All the
forces and the Mw(0) moment depend also on the direction of the
DC rotation (sign before x ).Some of the attained results for the raising operation at b = 0
and negative x are represented schematically in Figs. 3–8.
Fig. 3 shows longitudinal force Fw as a function of s. It has oscil-
lating character and diminishes to the zero value at s = S. It is
caused predominantly by the action of the distributed friction
force f frw ðsÞ (Fig. 4) and gravity force f grw ðsÞ, which have the same
directions in the raising regime. Friction force character is dic-
tated by the resultant f cðsÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f cu ðsÞ2 þ f cv ðsÞ2
q
of the contact forces
f cu ðsÞ; f cv ðsÞ. Outline of the fc(s) force is depicted in Fig. 5. It is sig-
niﬁcant that all the force functions represent oscillating curves
conditioned by the spiral geometry of the DC and slewing the
(u,v,w) triad.
Fig. 6 illustrates the variable s dependence of the resultant shear
force FðsÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½FuðsÞ2 þ ½Fv ðsÞ2
q
. It has the smoothed character.
In Fig. 7 is shown the diagram of the s – dependence of the
distributed friction moment mfrw. It causes generation of internal
torque Mw varying linearly with small scale harmonics superim-
posed on it (Fig. 8).
0 2000 4000 6000 8000 10000
2000
2400
2800
3200
3600
s (m)
F (N)
Fig. 6. Internal resultant shear force F versus longitudinal coordinate s (spiral
imperfections).
( )Nm frw
0 2000 4000 6000 8000 10000
-12
-8
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0
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Fig. 7. Distributed friction moment versus longitudinal coordinate s (spiral
imperfections).
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f c (N/m)
Fig. 5. Resultant distributed contact force fc versus longitudinal coordinate s (spiral
imperfections).
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Fig. 4. Distributed longitudinal friction force f frw versus longitudinal coordinate s
(spiral imperfections).
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Fig. 8. Elastic torque versus longitudinal coordinate s (spiral imperfections).
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have oscillatory character with small amplitude splashes about lin-
ear skeleton lines. The number of the splashes is equal to number
100 of the spiral curve coils.
Analyzing the adduced results one can recognize that all the
external distributed forces are oscillating according to the curving
of the spiral axis of the bore-hole. But the internal force Fw(s) and
torque Mw(s) are integrals of these functions, so they are smoother
(Figs. 3, 8).
Further still the resultant bending moment M is at all constant
in the spiral bore-hole.
Indeed, according to Eq. (6)
M ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
M2u þM2v
q
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðApÞ2 þ ðBqÞ2
q
¼ A
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2 þ q2
p
:
In line with Eq. (2)
M ¼ A
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
R
sinv

 2
þ 1
R
cosv

 2s
¼ A=R
and from Eq. (21) it issues
1000080006000400020000
Fw (N)
0
4000
8000
12000
s (m)
Fig. 9. Internal longitudinal force Fw versus longitudinal coordinate s (cosinusoidal
imperfections).
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cos2 a
¼ const; M ¼ A cos
2 a
a
¼ const: ð26Þ
The situation is slightly harder for the resultant shear force
F ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðFuÞ2 þ ðFvÞ2
q
:
According to Eq. (24)
F ¼ C  A
RT
þ C
R
h2 þ 2AðC  AÞR h2
1
T
þ h2

 
sin2 v cos2 v
 
: ð27Þ
Here the function F is smoother owing to the two ﬁrst members.
It is also of interest to underline that as the moment M is
known, the moments Mu, Mv are not included into constitutive dif-
ferential equation (23) and the shear forces Fu, Fv can be excluded
from this system through the use of their expressions in Eq. (24).
So boundary conditions for these variables are not used in system
(25).
4. Raising and lowering a drill column in a bore-hole with
cosinusoidal imperfections
One of the widespread types of the bore-hole geometry imper-
fections is also cosinusoidal outline of its axis with different ampli-
tudes a and pitches k. It is described by the equalities
x ¼ k# cosb=2p; y ¼ 0; z ¼ k# sinb=2pþ a cos# cos b: ð28Þ
Variable # used in these equalities for the cosinusoidal curve
parameterization does not coincide with the independent variable
s in Eq. (1) which is deﬁned as the length of the bore-hole axial line.
For this reason in system (2), (4), (8), (9) the differential ds should
be substituted by the value ds = Dd# (Gulyayev et al., 1992), where
D ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðdx=d#Þ2 þ ðdy=d#Þ2 þ ðdz=d#Þ2
q
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2=ð2pÞ2 þ a2  sin2 #
q
: ð29Þ
In this case
R ¼ 2p
ka cos#
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2
4p2
þ a2 sin2 #
 !3vuut ; T ¼ 0 ð30Þ
and the system of constitutive Eqs. (23), (24) acquires the formTable 2
The results of calculation of the lowering–raising operations in the cosinusoidal bore-hole
Operation b (deg) x (sign) Fw(0) (kN) M
Lowering 0 + 8.181
_ 8.181
5 + 216.180
_ 216.180
11.3 + 488.520
_ 488.520
25 + 1055.000 
_ 1055.000
Raising 0 + 8.181
_ 8.181
5 + 301.970
_ 301.970
11.3 + 677.930
_ 677.930
25 + 1461.300 
_ 1461.300dh1
d#
¼ h2;
dh2
d#
¼ 1
D
 dD
d#
 h2  D
2mfr
C
;
dFw
d#
¼ D cosv
R
Fu  sinvR Fv  f
fr
w  f grw

 
;
Fu ¼ CR sin h1 
h2
D
; ð31Þ
Fv ¼ CR cosh1 
h2
D
;
f cu ¼
sin h1
R
mfr þ C
R2
 dR
d#
sinh1  h2
D2
 1
R
cos h1  Fw  f gru ;
f cv ¼
cosh1
R
mfr þ C
R2
 dR
d#
cosh1  h2
D2
þ 1
R
sin h1  Fw  f grv ;
f frw ¼ l
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f cu
 2 þ f cv 2q  _w= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ_w2 þ ðx  d=2Þ2q 	;
mfr ¼ l
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f cu
 2 þ f cv 2q  d2 x=4 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ_w2 þ ðx  d=2Þ2q 	:
To analyze the inﬂuence of the type of the bore-hole axis imperfec-
tions on the drill column bending state at the performance of theof the length S = 10,000 m (a = 5 m,k = 100 m,m = 1/75).
w (0) (Nm) v (rad) jfcjmax (N/m) f frw
 
max
ðN=mÞ
51,628 105 454.2 1.21
51,628 105 454.2 1.21
240,975 344 4598.2 12.26
240,975 344 4598.2 12.26
532,771 745 9945.9 26.52
532,771 745 9945.9 26.52
1,142,110 1589 21055.0 56.14
1,142,110 1589 21055.0 56.14
51,638 105 511.2 1.36
51,638 105 511.2 1.36
300,729 407 6275.0 16.73
300,729 407 6275.0 16.73
662,369 878 13647.0 36.39
662,369 878 13647.0 36.39
1,418,524 1869 28993.0 77.31
1,418,524 1869 28993.0 77.31
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1000080006000400020000
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Fig. 11. Resultant distributed contact force fc versus longitudinal coordinate s
(cosinusoidal imperfections).
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Fig. 12. Internal resultant shear force F versus longitudinal coordinate s (cosinu-
soidal imperfections)
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Fig. 13. Distributed friction moment versus longitudinal coordinate s (cosinusoidal
imperfections).
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Fig. 10. Distributed longitudinal friction force f frw versus longitudinal coordinate s
(cosinusoidal imperfections).
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Fig. 14. Elastic torque versus longitudinal coordinate s (cosinusoidal
imperfections).
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teristic parameters values used in the foregoing calculations was se-
lected. The total length of the skeleton line makes up S = 10,000 m,the cosinusoid pitch k = 100 m, the amplitude a = 5 m. The stiffness
and weight characteristics of the DC also remained unaltered.
The calculation results for the case m = 1/75 are given in Table 2.
They testify, that the general regularities established for the spiral
DC are also conﬁrmed for the cosinusoidal one, except that the
computational parameters values do not depend on the direction
of the rotary velocity x. The diagrams of the functions
FwðsÞ; f frw ðsÞ; f cðsÞ; FðsÞ; mfrwðsÞ; MwðsÞ for the raising regime at
b = 0 are represented in Figs. 9–14, correspondingly. All of them
but the moment Mw(s) have oscillating character with conven-
tional period k = 100 m.
The curvature radius R (Eq. (30)) is not constant for the cosinu-
soidal imperfections, as distinguished from the spiral axial line of
the bore-hole. In consequence of this the resultant bending mo-
ment M is varying function and the resultant shear force F
(Fig. 12) also acquires the shape of oscillating curve with maxima
at the cosinusoid ﬂex points and zero values at the cosinusoid
extremal points.
To correlate inﬂuences of the spiral and cosinusoidal imperfec-
tions on the resistance forces to the DC movement it is worthwhile
to correlate curvature ksp of the spiral curve andmaximal curvature
kcs of the cosinusoidal one calculated by the formulae
Table 3
Values of the Fw(0) force in spiral and cosinusoidal drill column (b = 25).
m 1/100 1/1 1/100 1/75 1/50 1/25 1/5 1/1
a(m) 1 1 5 5 5 5 5 5
Fw(0) (kN) (spiral imperfections) 1284 62,120 1408 1498 1701 2562 181,450 –
Fw(0) (kN) (cosinusoidal imperfections) 1268 12,365 1400 1461 1593 2095 30,784 2109
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2a
4p2a2 þ k2 ; kcs ¼
4p2a
k2
:
For the chosen parameters a = 5 m, k = 100 m these curvatures have
the values ksp=0.01787 m1, kcs=0.01974 m1. So the comparison
between the values of the dragging force Fw(0) in Tables 1 and 2
indicates that they are larger for the cosinusoidal geometry during
the lowering operations and smaller at raising ones.
Included in Table 3 are the results of the Fw(0) force calculation
for the operation of the DC raising in a bore-hole with the incline
angle b = 25, different amplitudes a and ratios m.
Clearly the longitudinal force has the larger values for the larger
amplitudes. It can be also seen that the spiral imperfections are
associated with the larger resistance effect, which is more conspic-
uous for larger ratios m. At ﬁrst the dragging force Fw(0) enlarges
slowly with the m enlargement but at mP 1/5 the DC seizure hap-
pens and the raising operation becomes impossible.5. Conclusions
The problem about identiﬁcation of resistance forces acting on a
drill column moving in an inclined bore-hole is stated. It is sup-
posed that the well trajectories can have geometrical imperfections
in the shape of cylindrical spiral or plane cosinusoidal curves. The
system of ordinary differential equations is derived on the basis of
the theory of curvilinear ﬂexible elastic rods. With its application
the direct and inverse problems of the drill column deforming
are formulated for calculation of internal and external resistance
forces acting on the drill column tube. Through their use the phe-
nomena of the drill columns motion and their frictional locking in-
side the bore-holes are simulated for different geometrical
imperfections and relations between the velocities and directions
of their rotation and axial motion.
The obtained results of computer simulation enable us to draw
the following inferences.
1. The resistance friction forces generated due to contact interac-
tion of drill column with a bore-hole wall can be regulated via
imposing upon the DC simultaneous axial motion and rotation.
2. The efﬁciency of this procedure depends on the value of ratio
between the velocities of the axial and rotational motions.
The ratio reduction leads to essential diminishing the resistanceforces while its enlargement is accompanied by their increase.
Then at some limit values of this ratio the DC seizure effect hap-
pens and the raising procedure becomes impossible.
3. The efﬁciency of the proposed approach based on the use of the
theory of elastic curvilinear rods increases with enlargement of
the DC curvature which is typical for bore-holes with short-
wave imperfections.
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